Split Plot Design

Design of Experiments - Montgomery
Sections 13-4 and 13-5
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Split-Plot Design

Consider an experiment to study the effect of oven tem-
perature (three levels) and amt of baking soda (4 levels)
on the consistency of a chocolate chip cookie.

[Method 1] Factorial model. Each combination of temperature
and baking soda are replicated three times. Combination randomly
assigned to each of thirty-six cookies. Total of 36 cooking periods.

[Method 2] Oven is heated to specific temperature and four cook-
ies put in oven. Each cookie contains a different amount of baking
soda. Do this three times for each oven temperature, a total of
nine cooking periods.

Method 2 is different than Method 1 because of a ran-
domization restriction. Instead of randomly assigning
oven temperature to each cookie, oven temperature is
randomly assigned to a group of four cookies. In other
words, the experimental unit for oven temperature is the
sheet of four cookies. Since the four cookies within a
sheet are randomly assigned an amount of baking soda,
the experimental unit for baking soda is still an individ-
ual cookie.

e Whole plot: Batch of four cookies
e Subplot : Individual cookies

¢ Whole plot divided into smaller regions known as subplot
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Split-plot Design

e Arose in agriculture

— Whole plot - Large field
— Subplot - Smaller sections of field

Four fertilizers and six corn varieties

Spreader covers 15 foot wide section

Planter covers 5 foot wide section

Spread fertilizer on 15x10 foot section (whole plot)
Plant seed in 5x5 foot section (subplot)

Six subplots per whole plot

e Very useful in other areas

— Many situations where EUs of factors varies
— Repeated measures - subject “split” into time sections

— Engineering - machine set once for a group of runs
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Split Plot Structure

e Different than nested because factors are crossed

e Different than factorial because of randomization

e Information on factors from two levels or strata

e Could consider split-plot as consisting of
2 randomized block designs
CRD and RCBD

e For larger units, subdivision to smaller units ignored

e For smaller units, larger units considered blocks

e More power for main subplot effect and interaction
e Should use design only for practical reasons
e Factorial design more powerful if feasible
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EMS

e Fixed A and B (n replicates of level A)

Whole plots are replicates of A (CRD in whole plot)

Source of Degrees of Expected
Variation Freedom Mean Square
A a—1 nb¢A+b0'12%+0'2
R(A) a(n—1) bo2 + o2
B b—1 andp + o2
AB (a=1)(b-1) ngap + o
Error a(b—1)(n—1) o2

e Fixed A and B (n blocks containing whole plots)

Consider blocks as additional factor (random)

Source of Degrees of Expected
Variation Freedom Mean Square
R n—1 abo% + o2
A a—1 nbd)A-l-bt:rIQM-I-a'2
RA (a—1)(n-1) bo2, + o2
B b—1 angp + o2
AB (a—1)(b—1) noap + o2
Error a(b—1)(n—1) o2

e Sometimes error not pooled (Page 523)
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EMS Table

CRD in Whole Plot

a n b 1
F R F R
i k |
A; 0O n b 1 nbps+ bal%{ + 02
Ry 1 1 b 1 bog+o?
B; a n 0 1 angp-+o?
ABZ']' 0O n 0 1 nésap+ o2

RCBD in Whole Plot

(Ignore Interaction with

Block in Subplot)

a n b 1
F R F R
i k] |
Ry, a 1 b 1 ab0'122 + 02
A; O n b 1 nbps+ bo%A + o2
RA; O 1 b 1 bU}%A + 02
B]' a n 0 1 an¢B + o?
ABij 0 n 0 1 nqﬁAB —+ o2
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Soybean Yields

Interested in the effect of soybean varieties and fertiliz-
ers on the yield (bushels per subplot unit). Fertilizers
were randomly applied to acres within each farm, va-
rieties then randomly applied to subunits of each acre.
Consider fertilizers and varieties as fixed. Farm, as a
block, is considered random. Whole plot testing similar
if block random or fixed. In subplot, if block fixed, all
interactions with block are pooled into error. If it is
random, this may or may not be done. If it is not done,
there are other tests that may be of interest (see page
523).

Farm

1 2 3
Fertilizer Fertilizer Fertilizer

Variety 1 2 Variety 2 1 Variety
1 10.6 10.9 2 11.9 115 3 9.5 938
2 11.4 11.7 3 12.6 12.1 1 8.1 8.2
3 11.8 12.4 1 11.6 10.8 2 8.7 9.3
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SAS Program

option nocenter ps=50 1s=72;

data new;
infile "soy.dat";
input farm fert var resp;

proc glm;
class farm fert var;

model resp=farm fert farm*fert var farm*var fert*var;

test h=fert e=farmxfert;
test h=var e=farm*var;
output out=subplot r=res p=pred;

proc gplot;
plot res*pred;

proc sort data=new;

by farm fert;
proc means NOPRINT;

var resp;

by farm fert;

output out=newl mean=respil;

proc glm;

class farm fert;

model respl=farm fert;

output out=wholeplot r=res p=pred;

proc gplot;
plot res*pred;

proc glm data=new;

class farm fert var;

model resp=farm|fert var fert*var;
test h=fert e=farmxfert;

run;
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Dependent Variable: resp

Source DF
Model 13
Error 4
Corrected Total 17
Source DF
farm 2
fert 1
farm*fert 2
var 2
farm*var 4
fert*var 2

Tests of Hypotheses Using

Source DF
fert 1

Tests of Hypotheses Using

Source DF
var 2

Sum of

Squares Mean Square F Value Pr >F
35.19166667 2.70705128 81.21  0.0003
0.13333333 0.03333333
35.32500000
Type III SS Mean Square F Value Pr > F
28.86333333 14.43166667 432.95  <.0001
0.84500000 0.84500000 25.35 0.0073
0.04333333 0.02166667 0.65 0.5696
5.34333333 2.67166667 80.15  0.0006
0.09333333 0.02333333 0.70 0.6310
0.00333333 0.00166667 0.05 0.9518

the Type III MS for farm*fert as an Error Term

Pr > F
0.0247

Type III SS
0.84500000

Mean Square F Value
0.84500000 39.00

the Type III MS for farm*var as an Error Term

Type III SS Mean Square F Value Pr >F
5.34333333 2.67166667 114.50  0.0003
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Dependent Variable: RESP

Sum of Mean
Source DF Squares Square F Value Pr > F
Model 9 35.098333 3.899815  137.64 0.0001
Error 8 0.226667 0.028333
Corrected Total 17 35.325000
Source DF Type III SS Mean Square F Value Pr > F
FARM 2 28.863333 14.431667 509.35 0.0001
FERT 1 0.845000 0.845000 29.82 0.0006
FARM*FERT 2 0.043333 0.021667 0.76 0.4967
VAR 2 5.343333 2.671667 94.29 0.0001
FERT*VAR 2 0.003333 0.001667 0.06 0.9433

Tests of Hypotheses using the Type III MS for FARM*FERT as an error term

Source DF Type III SS Mean Square F Value Pr > F
FERT 1 0.8450000 0.8450000 39.00 0.0247
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Using Proc Mixed

proc mixed;
class fert var farm;
model resp=fert|var;

random farm farm*fert farm*var;

Covariance Parameter Estimates (REML)

Cov Parm Estimate
FARM 2.40077740
FERT*FARM 0.00000000
VAR*FARM 0.00000000
Residual 0.02700000

Tests of Fixed Effects

Source NDF DDF Type III F Pr > F
FERT 1 2 31.30 0.0305
VAR 2 4 98.95 0.0004
FERT*VAR 2 4 0.06 0.9410
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Whole Plot/Subplot Experiment

e Can have > one factor in whole plot/subplot
e Whole Plot

— CRD

RCBD
— Factorial (k factors)

— BIB

e Subplot
- RCBD
— BIB

— Factorial in Blocking Design

e Analysis of Covariance

— Covariate linear with response in subplot and whole plot
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EMS Caution
Fixed Effects in Whole Plot

e Must include WP factor in EMS table (n=1)

e Else: everything appears tested over subplot error

Pooling in Split Plot

e Have two layers so we can't simply pool all errors

If we did, result in
— Overstating significance of whole plot factor

— If 02,5 > 025, understate subplot factor

e Should pool errors separately

e Consider 2 mixed factors in whole plot, 1 fixed fac-

Source of Degrees of Expected
Variation Freedom Mean Square
A a—1 bC¢A+CU%/P+O'2
B b—1 acpp + co P-I-o'2
AB (a—1)(b—-1) chap + codp + o
Rep1(AB) 0 co?p + o
C c—1 abéc + o2
AC (a—1)(c—1) bpac + o
BC b-1)(c—-1) ad?o + o
ABC (a—1)(b—-1)(c—1) 0250+ 02
Rep(ABC) 0 a?
20-12

tor in subplot

Source of Degrees of Expected
Variation Freedom Mean Square
A a—1 bcnqSA—l—ncaiB%—caﬁ/P%—a
B b—1 acmf%-}-co' P-l-o'2
AB (a—1)(B-1) enodp + codyp + o2
Rep(AB) ab(n — 1) co2, p + o2
C c—1 abnoc + ana%c + o2
AC (a=—1)(c—-1) bnpac + noige + o?
BC b-1)(c-1) ano3.+o
ABC (a—1)(b—-1)(c—1) no?po + o2
Error ab(c—1)(n—1) o2
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Extensions of Split Plot Design

e Can further split subplot units into sub-subplots

e Known as Split-Split Plot Design
— CRD with 2 RCBDs
— Three RCBDs

Source of Degrees of Expected
Variation Freedom Mean Square
D d—1 abca’lz)-{-tr2
A a—1 bedg 4 + beo? ), + o
AD (a—1)(d-1) beod ), + o
B b—1 acdd:B—i-acalz;D—i-az
BD (b—-1)(d-1) acoyp, + o2
AB (a—1)(b-1) cd(;SAB—i-caiBD—i-o'z
ABD (a—1)(b—1)(d—1) colppto
C c—1 abdpc + ab(réD + 07
CDh (c—1)(d-1) ubo'g.D—i-a'Z
AC (a—1)(c—1) bdpac + bo3.p + o2
ACD (a—1)(c—1)(d—-1) boiop + 0
BC (b—-1)(c—1) adgpc + ao?,, + o2
BCD (b—1)(c—1)(d—1) aoop + 02
ABC (a—1)(b—=1)(c—-1) dpapc + o3gop + 0
ABCD (a—1)(b—1)(c—1)(d-1) gigept o
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Strip Plot/Criss Cross Design

e Criss-Cross or Strip-Plot Design
e Two factor treatment structure
e Both treatments require large EUs

e Arrange EUs in rectangles (a x b)

e Each rectangle -whole plot rows and whole plot columns

e Three levels of information
— Rows
— Columns

— Row*Column (cell)

Source of Degrees of Expected
Variation Freedom Mean Square
D d—1 aboy, + o2
A a—1 bd s + bo?p, + o2
AD (a—1)(d—1) bo3, + o
B b—1 adép + acy, + 07
BD (b-1)(d-1) a0123D+02
AB (a—1)(b-1) dpap + o3y + 02
ABD (a—1)(b—-1)(d—-1) o%pp 02
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Example of Strip Plot / Split Plot

Investigating the long term effects of pasture composition for dif-
ferent patterns of grazing. Response is the percent of area covered
by principal grass. Considered three factors:

Length of time grazing (3, 9, 18 days)

(SP)ring grazing cycles (2 with long gap or 4 with short gap)

(S)ummer grazing cycles (2 with long gap or 4 with short

gap)

Experiment set up in a 3x3 Latin Square design. Each of the nine
whole plots split twice is a criss-cross design for the two grazing
cycle factors.

options nocenter 1s=75;

data new;

input row column period sp sum resp;
cards;

1118 4 2 12.5

1118 4 4 26.2

1118 2 2 33.4

33 92246.5

33 94215.4

proc glm;

class row column period sp sum;

5 SP SP model resp=row column period period(row column) sp period*sp
2 4 2 4 2 a4 sp*period(row column) sum period*sum sum¥period(row column)
4 12.5 26.2 4 59.2 49.9 4 55.0 27.3 sp*sum period*sp*sum;
SP S 9 S 3 test h=period e=period(row column);
2 33.4 442 2 47.6 15.8 2 359 18.3 test h=sp e=sp*period(row column);
S S S test h=sum e=sum*period(row column);
4 2 2 4 2 4 test h=sp*period e=sp*period(row column);
2 56.2 52.3 2 67.7 62.2 2 28.0 29.4 X . ’
sp 9 sp 3 sp 18 test h=sum*period e=sum*period(row column);
4 27.5 25.1 4 24.1 27.5 4 19.5 29.9 means sum splperiod;
S S SP
2 4 2 4 2 4
2 57.2 69.5 2 30.3 26.6 4 61.9 26.2
SP 3 SP 18 S 9
4 16.9 19.5 4 11.0 17.6 2 46.5 15.4
20-16 20-17
Sum of
Source DF Squares  Mean Square F Value Pr > F
Model 29  10336.90306 356.44493 12.10 0.0025
Error 6 176.73333 29.45556
Corrected Total 35 10513.63639
Source DF Type III SS Mean Square F Value Pr > F Level of RESP
row 2 107.620556 53.810278 1.83 0.2401 SUM N Mean SD
column 2 121.202222 60.601111 2.06 0.2087 2 18 30.9722222 16.8618890
period 2  1677.430556 838.715278 28.47 0.0009 4 18 39.7666667 17.1224998
period(rowxcolumn) 2 214.770556 107.385278 3.65 0.0920
sp 1 5697.733611  5697.733611 193.43 <.0001 Level of RESP
period*sp 2 822.157222 411.078611 13.96 0.0055 SP N Mean SD
periox*sp(row*column) 6 477.966667 79.661111 2.70 0.1257 2 18 47.9500000 14.3149141
sum 1 696.080278 696.080278 23.63 0.0028 4 18 22.7888889 8.8527755
period*sum 2 80.977222 40.488611 1.37 0.3225
perio*sum(row*colum) 6 367.580000 61.263333 2.08 0.1972 Level of RESP
sp*sum 1 21.313611 21.313611 0.72 0.4276 PERIOD N Mean SD
period*sp*sum 2 52.070556 26.035278 0.88 0.4609 3 12 40.0916667 20.5891171
9 12 40.3000000 17.1050763
Tests of Hypotheses Using the Type III MS 18 12 25.7166667 9.3164403
for period(row*column) as an Error Term
Source DF Type III SS Mean Square F Value Pr > F Level of Level of RESP
period 2 1677.430556 838.715278 7.81 0.1135 PERIOD SP N Mean SD
3 2 6 57.9166667 12.1818581
Tests of Hypotheses Using the Type III MS 3 4 6 22.2666667 4.6534575
for periox*sp(row*column) as an Error Term 9 2 6 53.9500000 6.2349820
Source DF Type III SS Mean Square F Value Pr > F 9 4 6 26.6500000 12.5552778
sp 1 5697.733611 5697.733611 71.52 0.0001 18 2 6 31.9833333 6.4126178
period*sp 2 822.157222 411.078611 5.16 0.0497 18 4 6 19.4500000 7.4551325
Tests of Hypotheses Using the Type III MS
for perio*sum(row*colum) as an Error Term
Source DF Type III SS Mean Square F Value Pr > F
sum 1 696.0802778 696.0802778 11.36 0.0150
period*sum 2 80.9772222 40.4886111 0.66 0.5503
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