Statistical Concepts

Design of Experiments - Montgomery
Sections 2-1 through 2-3

Basic Statistical Concepts

¢ Random Variable - YV

— Quantity (response) capable of taking on a set of values

— Discrete or Continuous

— Described by a probability distribution (density)

¢ Numerical Summaries of Variable

— Center - Mean: u, E()

— Spread - Variance: o2, Var()
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¢ Elementary Results of Numerical Summaries

E(aY +
Var(aY

b) = aE(Y) %
+b) = a?Var(Y)

E(Y1+Y2) = E(V1) + E(Y2)
Var(Yi £ Y2) = Var(Y1) + Var(Y2) + 2Cov(Y1, Y>)

If Y1 an
Var(Yi1)
COV(Y1,

d Y> independent — Cov(Y1,Y>) =0
= E(Y?) - E(11)?
Y>)=E(Y1Y2)-E(Y1)E(Y2).
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Sampling/Reference Distribution
Statistical inference/testing: making decision in the pres-
ence of variability. Is result of experiment easily ex-
plained by chance variation or is it “unusual”?

e “Unusual”: Is it unlikely if only chance variation?
e Need dist of results assuming only chance variation
e Compare obs result with distribution of outcomes
e Example 1: Randomization test

— Chance variation due to randomization

— Generate all possible outcomes (each equally likely)

— Compare observed result with dist of outcomes

e Example 2: t-test (comparing two means)
— Calculate observed t test statistic
— t dist summarizes outcomes under Null hypothesis

— Compare observed result with distribution
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Common Summaries

e Sample mean (Y)

Y: independent with mean g and variance o2

1 1 1
E(; E Yi):; E E(Yi):ﬁ"lt:#
1 1 1 5 5
Var(; E Y;) = 3 E Var(y;) = gnot =0 /n

What is distribution of Y?

If
If

Y; Normal — Y Normal
Y; Other — Y ~ Normal

The Central Limit Theorem

If Yq,Ys, ...

,Y, are independent r.v.’s with mean p and
variance o2.
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e Sample variance (S? = 1Y (Vi -Y)?)

E(Y;-Y) = EM)-E(Y)=0
Var(Y; —Y) = Var(Y;) 4+ Var(Y) — 2Cov(Y;,Y)
= o240%/n—-202%/n
n—1 ,
= ——7F0
n
E((Yi-Y)*) = Var(vi-Y)+E(Y;i-Y)?
n—1 ,
= ——7©0
n
E(S?) = E nn_102
n—1

= 0'2

What is distribution of S$2?

If Y; Normal then

(n—1)S%/02% ~ X2,

where n — 1 is the degrees of freedom

Degrees of Freedom

Degrees of Freedom of a sum is equal to the number
of elements in that sum that are independent (i.e., free
to vary)

For example, if you are told the sum of three
elements equals five, you only need to know
two of the three elements to know all of them

General Result:

If Y; has variance o2 and SS=) (Y; — Y)?2 with k degrees
of freedom

E(SS/k) = o2
If Y; is also Normally distributed

SS/02 ~ x2
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Common Sampling Distributions

— Function of degrees of freedom (k)

—_ 2 ; — 2

e Normal Distribution If Z and x; are independent, t, = Z/+/x?/k
— Function of x and o2 — If Y Normal, Y and S? independent
— Standardize - Z = (X —u)/o _
& —p) ~ tp_1
— Z is standard Normal S/vn e
— Only need probs associated with Z (Table 1)
o F distribution
e Chi-square Distribution .

— Function of degrees of freedom
— Function of degrees of freedom (k) ) )

— Ratio of two independent x? rvs
- Y=2z2422+... + Z2 ~ x? (2's independent)

= F=\/xi/k1/\/x5/k2
— Y; —Y)2/02 ~ x2_

Z( ) / n—1 _ S%/S% N N
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